We find and study a five-parameter family of four-dimensional coupled Painlevé V systems with affine Weyl group symmetry of type D
Introduction
It is well-known that the Painlevé systems P II , P III , P IV , P V and P V I admit the affine Weyl groups of type A 4 , respectively, as groups of Bäcklund transformations. This suggests the following general problem (see [6] ): Problem 1.1. For each affine root system A with affine Weyl group W (A), find a system of differential equations for which W (A) acts as its Bäcklund transformations.
One could expect that such nonlinear differential systems with affine Weyl group symmetry should admit rich mathematical structures, comparable with those of the Painlevé equations. In the case of type A (1) l , such equations are proposed in [4] . They are considered to be higher order versions of P V (resp. P IV ) when l is odd (resp. even). These two examples by Noumi and Yamada motivated the author to find examples of higher order versions other than the systems of type A (1) l . We will complete the study of the above problem in a series of four papers, for which this paper is the second, resulting in a series of equations for the remaining affine root systems of types B (see [11, 12, 13] =H V (x, y, t; α 2 + α 5 , α 1 , α 2 + 2α 3 + α 4 ) + H V (z, w, t; α 5 , α 3 , α 4 )
where the symbol H V (q, p, t; γ 1 , γ 2 , γ 3 ) denotes the Hamiltonian of the second-order Painlevé V systems given by H V (q, p, t; γ 1 , γ 2 , γ 3 ) = q(q − 1)p(p + t) − (γ 1 + γ 3 )qp + γ 1 p + γ 2 tq t .
Here x, y, z and w denote unknown complex variables, and α 0 , α 1 , . . . , α 5 are complex parameters satisfying the relation:
This is the first example which gave higher-order Painlevé equations of type D
2l+3 . We then give an explicit description of a confluence from those systems to fourdimensional coupled Painlevé III systems with W (B 
where the symbol H III (q, p, t; γ 0 , γ 1 , γ 2 ) denotes the Hamiltonian of the second-order Painlevé III systems given by
Here x, y, z and w denote unknown complex variables and α 0 , α 1 , . . . , α 4 are complex parameters satisfying the relation:
This is the first example which gave higher-order Painlevé equations of type B
2l+2 . We note that in [12] 4 )-symmetry. This is the first example which gave higher-order Painlevé equations of type X (2) l . In Section 4, we will consider the degeneration process from the system of type D 4 , respectively. We also show that the Bäcklund transformation groups for each root system are obtained from that for type D 5 by each degeneration process. After we review the notion of accessible singularity in Section 5, in Sections 6 and 7, we will make canonical coordinate systems for the system (3) and (9), respectively.
2 Main results for the case of D (1) 5 In this paper, we present a 5-parameter family of polynomial Hamiltonian systems that can be considered as four-dimensional coupled Painlevé V systems explicitly given by
with the Hamiltonian (1).
Proposition 2.1. The system (3) has the following invariant divisors:
The list must be read as follows. Setting α 1 = 0, then the system (3) admits a particular solution y = 0. Moreover (z, w) satisfy the fifth Painlevé system. And x satisfies Riccati equations whose coefficients are polynomials in (z, w), and so on. 
5 , that is, they satisfy the following relations:
The symbol in each circle denotes the invariant divisor f i of the system (3) (see Proposition 2.1).
Theorem 2.1. The system (3) admits extended affine Weyl group symmetry of type D (1) 5 as the group of its Bäcklund transformations, whose generators s 0 , s 1 , . . . , s 5 , π 1 , π 2 , . . . , π 4 defined as follows: with the notation ( * ) := (x, y, z, w, t; α 0 , α 1 , . . . , α 5 ),
We note that it is easy to see that the generators π 2 , π 3 , π 4 satisfy the relation:
We remark that the Bäcklund transformations of the system (3) have the universal description to root system of type D 
These translation operators act on parameters α i as follows: (A2) This system becomes again a polynomial Hamiltonian system in each coordinate system (x i , y i , z i , w i ) (i = 0, 1, . . . , 5):
Then such a system coincides with the system (3).
In addition to Theorems 2.1 and 2.2, we will prove that the system (3) degenerates to the system of type A 
from α 0 , α 1 , . . . , α 5 , t, x, y, z, w to A 0 , A 1 , . . . , A 4 , ε, T, X, Y, Z, W . Then the system (3) can also be written in the new variables T, X, Y, Z, W and parameters A 0 , A 1 , . . . , A 4 , ε as a Hamiltonian system. This new system tends to the system of type A
4 as ε → 0.
By proving the following theorem, we see how the degeneration process in Theorem 2.3 works on the Bäcklund transformation group W (D It is well-known that the fifth Painlevé equation P V has a confluence to the third Painlevé equation P III , where two accessible singularities come together into a single singularity. This suggests the possibility that there exists a procedure for searching for fourth-order versions of Painlevé III, by using Takano's description of the confluence process from P V to P III for the coordinate systems (x, y) and (z, w), respectively (see [15, 17] ). In this vein, the goal of this work is to find a fourth-order version of the Painlevé III equation with symmetry under the group which degenerates from the affine Weyl group of type D 5 by a coupling confluence process. In this paper, we also present a 4-parameter family of polynomial Hamiltonian systems that can be considered as four-dimensional coupled Painlevé III systems explicitly given by
with the Hamiltonian (2).
Proposition 3.1. The system (9) has the following invariant divisors:
Theorem 3.1. The system (9) admits extended affine Weyl group symmetry of type B
4 as the group of its Bäcklund transformations, whose generators s 0 , s 1 , . . . , s 4 , π 1 , π 2 defined as follows: with the notation ( * ) := (x, y, z, w, t; α 0 , α 1 , . . . , α 4 ), 
4 , that is, they satisfy the following relations:
The symbol in each circle denotes the invariant divisor f i of the system (9) (see Proposition 3.1).
Proposition 3.2. Let us define the following translation operators
These translation operators act on parameters α i as follows: (A2) This system becomes again a polynomial Hamiltonian system in each coordinate system (x i , y i , z i , w i ) (i = 0, 1, . . . , 4):
Then such a system coincides with the system (9).
We remark that the Bäcklund transformations s 0 , s 1 , s 2 , s 3 have Noumi-Yamada's universal description for B ) 5 , we make the change of parameters and variables
from α 0 , α 1 , . . . , α 5 , t, x, y, z, w to A 0 , A 1 , . . . , A 4 , ε, T, X, Y, Z, W . Then the system (3) can also be written in the new variables T, X, Y, Z, W and parameters A 0 , A 1 , . . . , A 4 , ε as a Hamiltonian system. This new system tends to the system (9) of type B In this section, we present a 3-parameter family of polynomial Hamiltonian systems in dimension four explicitly given by
Here x, y, z and w denote unknown complex variables and β 1 , β 2 , . . . , β 4 are complex parameters satisfying the relation: as the group of its Bäcklund transformations, whose generators w 1 , . . . , w 4 defined as follows: with the notation ( * ) := (x, y, z, w, t; β 1 , . . . , β 4 ),
Figure 5: The transformations described in Theorem 4.1 define a representation of the affine Weyl group of type D
The symbol in each circle denotes the invariant divisor f i of the system (15) (see Proposition 4.1).
We remark that the Bäcklund transformations w 1 , w 2 have Noumi-Yamada's universal description for D 
(18)
These translation operators act on parameters β i as follows:
(19) Theorem 4.2. Let us consider a polynomial Hamiltonian system with Hamiltonian H ∈ C(t)[x, y, z, w]. We assume that (A1) deg(H) = 6 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate system (x i , y i , z i , w i ) (i = 1, 2, 3, 4):
Then such a system coincides with the system (15).
5
The system of type B
(1) 3
In this section, we present a 3-parameter family of polynomial Hamiltonian systems in dimension four explicitly given by
with the Hamiltonian
Here x, y, z and w denote unknown complex variables and α 0 , α 1 , α 2 , α 3 are complex parameters satisfying the relation:
Theorem 5.1. The system (21) admits extended affine Weyl group symmetry of type B
3 as the group of its Bäcklund transformations, whose generators s 0 , . . . , s 3 , π defined as follows: with the notation ( * ) := (x, y, z, w, t; α 0 , . . . , α 3 ), from β 1 , β 2 , β 3 , β 4 , t, x, y, z, w to α 0 , α 1 , α 2 , α 3 , t, X, Y, Z, W . Then the system (15) can also be written in the new variables t, X, Y, Z, W and parameters α 0 , α 1 , α 2 , α 3 as a Hamiltonian system. This new system tends to the Hamiltonian system (21).
6 Proof of Theorems 2.3,2.4 and 3.4
As is well-known, the degeneration from P V to P IV (see [15, 17] ) is given by
As the fourth-order analogue of the above confluence process, we consider the following coupling confluence process from the system (3) by taking the above process for each coordinate system (x, y) and (z, w) in (3), respectively. If we take the following coupling confluence process P V → P IV for each coordinate system (x, y) and (z, w) in (3)
and take the limit ε → 0, then we can obtain the system of type A
4 explicitly given by However, we see that S i (ε) have ambiguities of signature. For example, since
we can choose any one of the two branches as S 3 (ε). Among such possibilities, we take a choice as (30) S 1 (ε) = S 2 (ε) = S 4 (ε) = ε, S 0 (ε) = ε(1 + 2A 0 ε 2 ) −1/2 , S 3 (ε) = ε(1 − 2A 3 ε 2 ) −1/2 .
Here considering in the category of formal power series, we make a convention that (1 − 2A 3 ε 2 ) −1/2 is formal power series of A 3 ε 2 with constant term 1 according to
By ( The proof of Theorem 3.4 has thus been completed.
